Abstract. Let V i be a finite dimensional Hermitian vector space of holomorphic sections of a line bundle L i on a complex n-dimensional manifold X. We associate to V i the non-negative Hermitian quadratic form g i on X, define a Hermitian mixed volume of X for a "mixing tuple" of n non-negative Hermitian forms, and prove that the average number of common zeroes of f 1 ∈ V 1 , . . . , f n ∈ V n equals to the mixed volume of X for the "mixing tuple" g 1 , . . . , g n . This note is related to arXiv:1802.02741, where the average number of common zeros for real equations are treated in a similar way.
Introduction
Let L 1 , · · · , L n be holomorphic line bundles on a complex manifold X of dimension n and let V i ⊂ Γ(X, L i ) be a finite dimensional subspace of holomorphic sections, such that (1) ∀i ≤ n, x ∈ X ∃s ∈ V i : s(x) = 0.
Assume that each V i has a fixed Hermitian inner product. Let P i = P(V i ) be a projectivization of V i equipped with the corresponding FubiniStudy metric Φ i , such that vol(P i ) = 1. Let U be a relatively compact domain in X. For (s 1 , . . . , s n ) ∈ P 1 × . . . × P n we denote by N U (s 1 , . . . , s n ) the number of isolated zeros of intersection of hypersurfaces s i = 0 in U. We call
the average number of common zeros in U of n sections f i ∈ V i . Let A i (x) = {f ∈ V i : f (x) = 0}. From (1) it follows that ∀x ∈ X, i ≤ n : codim A i (x) = 1. So we get the mapping θ i : X → P * i assigning to x ∈ X the subspace A i (x). Consider the pull-back
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..,gn (U) Actually the theorem coincides with the Crofton formula for the product of projective spaces [4, 5] ; see Section 2. The sources of the theorem are the well-known BKK formula [3] , and also a recent result on the average number of roots of systems of real equations [1] .
Crofton formula and Hermitian mixed volume
Let θ i : X → P * i be a mapping defined in Section 1. Denote by ω i the pull-back of the Fubini-Study form on P * i = P(V * i ) under the mapping θ i . Then the Crofton formula for the product of projective spaces tells that
Below, any non-negative Hermitian quadratic form h on X is called a Hermitian metric. Recall that h is called non-negative if its eigenvalues are non-negative. Let W + be a cone of Hermitian metrics. Define a function vol U : W + → R as vol U (h) = vol h (U). Recall that f : W + → R is called a homogeneous polynomial of degree k if for any g 1 , g 2 ∈ W + the function f (λ 1 g 1 + λ 2 g 2 ) is a homogeneous of degree k in positive variables λ 1 , λ 2 . Lemma 1. vol U is a homogeneous polynomial of degree n on W + .
Proof. By Wirtinger's theorem, vol U (h) = 1 n! U ω n , were ω = Im(h). Let ω i = Im(h i ) for h 1 , . . . , h n ∈ W + . Therefore, the function vol U extends to a multilinear symmetric n-form
We call vol H h 1 ,...,hn (U) the Hermitian mixed volume of U for the "mixing tuple" h 1 , . . . , h n . Now Theorem 1 follows from the Crofton formula.
Example: exponential sums
Exponential sum (ES) is a function in C n of the form
where Λ is a finite subset of the dual space C n * . The set Λ is called the support of ES. The Newton polytope of the support is a convex hull conv(Λ) of Λ.
Let X = C n . We consider the trivial line bundles L 1 , . . . , L n , and the spaces V i ⊂ Γ(L i , C n ) of ESs with the supports Λ i . Choose the Hermitian inner product in V i as
Then, by Theorem 1,
Lemma 2. The function
λ∈Λ e 2Re tz,λ , with t → +∞, uniformly converges to the support function h(z) of the Newton polytope of Λ.
Proposition 1 (see [6] converges to the correctly defined positive current
where h i is a support function of the Newton polytope of Λ i .
Let K 1 , . . . , K n ⊂ C n be convex bodies with support functions h 1 , . . . , h n , and B ⊂ C n be a unit ball centered in 0. We call
by a mixed pseudo-volume of convex bodies K 1 , . . . , K n ⊂ C n . For the correctness of definition and for some geometrical properties of a mixed pseudo-volume see [2, [4] [5] [6] . t n = n! π n V (γ 1 , · · · , γ n ) where γ i is a Newton polytope of Λ i . Proposition 2 (see [2, 4, 5] ). If K 1 , · · · , K n ⊂ Re C n then
where vol(K 1 , · · · , K n ) is a mixed volume of convex bodies K i .
For K 1 , . . . , K n ⊂ Z n ⊂ Re C n the BKK theorem [3] follows; see [3] .
